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Abstract

Riccati differential equations are a class of non-linear differential
equations with numerous physical applications. In this research, we
described a numerical method based on decomposition and
compared the results to the exact solution. Riccati's differential
equations have quadratic solutions expressed as an endless string
using an iterative approach is introduced. The solutions of Riccati
differential equations in the quadratic form are exhibited in terms of
an infinite series, which are obtained by the iterative algorithm. We
conducted comparisons between the exact and approximate
solutions. The similarities between the Taylor series approach and
the new method highlight the latter is simplicity and efficacy. We
used tables and graphs by using MATLAB to show how similar the
current method is to the exact solution.

Keywords: Riccati, differential equations, an infinite series,
MATLAB.
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1.Introduction

The Italian mathematician Jacopo Francesco Riccati formulated the
Riccati differential equation [1], the first-order non-linear ordinary
differential equation is a prevalent element in various branches of
mathematics different and is utilized in engineering, science,
physics, and many applications. Analytically, certain types of
differential equations pose challenges in terms of finding efficient
and explicit solutions using straightforward methods. In 1988,
George Adomian introduced the Adomian Decomposition Method
(ADM) [2],itcan vyield an approximation solution to Riccati
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differential equation, as can the Taylor expansion technique [3].
These approaches were used to solve a variety of linear and non-
linear equations, and the results were close to precise.

The subject has received significant attention and research by many
different researchers. Several methods have been employed to solve
quadratic Riccati differential equations, including the Bezier curve
method [4], the multistage variable iteration method [5], and
Legendre scaling functions, which expand the approximate solution
as Legendre elements.

In this study, we solve the Riccati differential equation by using the
Adomian Decomposition Method and the Taylor expansion method,
and give two examples during which the approximate the solution
was compared to the exact solution and the error was determined.
Graphics were also presented to illustrate this. The results indicate
that a small number of terms are sufficient for a rapid convergence
of an approximate solution that accurately reflects the actual
solutions.

Definition1.1 [6, 1]
Riccati equation is a differential equation of the form:

Y'(x) + a()y(x) + b(x)y*(x) + c(x) = 0,y(0) = d (1)

Where d is a constant, y(x) is an unknown function,
a(x),b(x) and c(x) are functions of x.

2. Analysis of Methods
2.1. Adomian Decomposition Method: [7, 8, 9]
A differential equation can be written as:

Fy =g, (2)
Where F is a non-linear differential operator with linear and non-
linear terms.The linear part of F is decomposed as

F=L+R, 3

Where L is an invertible operator and R is a linear operator's
residual. Using L as the highest-order derivative simplifies the
equation to:
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Ly+Ry+Ny=g, (4)
Where Ny corresponds to the non-linear terms. Rewrite (4), we get:
Ly=g—-Ry—Ny, (5)

Applying the operator L™1 to the equation (5), we obtain

L™'(Ly) =L 'g — L"*(Ry) — L"*(Ny). (6)

Suppose h is the solution of the homogeneous equation Ly = 0,
with the given initial/boundary conditions. Then the general
solution of equation (6) is:

y(x)=h+L"g—L'(Ry) — L"'(Ny). (7)
The next problem is the decomposition of the non-linear term Ny.
Adomian developed a very elegant method, the approximate
solution of equation (7) can be written as:

Y() = 900 + () + 2, () + = Y (), ()

n=0
Where A is constant, whereas y,(x),y;(x),y,(x), ...,y (x) are
sought. If the non-linear operator Nis attempted to equation (8):

Ny = N(yo(x) + Ay, (x) + 22y, (x) + ).

The non-linear term Ny will be decomposed by the infinite series
of Adomian:

Ny:A0+AA1 +/12A2+‘“ :Z/lnAn, (9)
. n=0
With:

_1an

=——=|v (IZO A"mx))

Where A,, are called Adomian polynomials, ifN(y) = f(y), the
Adomian polynomials are given as:
Ay = (o)
Ay =y (o)
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Suppose L™1Ry , L"YNy have a A order, then Equation (7) can be
written as:

y(x) = h+ L tg — AL Y (Ry) — AL"Y(Ny). (11)

Put equation (8) and (9) in equation (11), then we obtain:

z Ay () =h+L1g— ALt R z Ay (x)
n=0 n=0

ALt (Z A”An> . (12)

n=0

Equating the coefficients of equal powers 4 on both sides of
equation (12), we obtain:

yo=h+L1g
y1=—L"1R(yo) — L™*(4y)
y2 ==L ' R(y;) — L7'(41)

In general can be expressed by thé recursive relations
Yo ==L ROpoy) =L (Apey),  n=1 (13)
Then, the approximate solution is given by
Y=Yot+tyity2tys+yst+-. (14)

2.2. Taylor Expansion Method:
Taylor's Theorem 2.1. [3] Suppose y is continuous on the closed
interval [a,b] and has n + 1 continuous derivatives on open interval

5 Copyright © ISTJ Ak sine qolall (3 s
Ayl g o shell 40 sal) dlaall



International Science and Volume 34 Al g pskl L5 T
Technology Journal Part 2 Aaall

AT o slall A g Alaall July 2024 J;\b:' IST.4 /\

22024/7 /20 sl dsall o Wpdisiy  a2024/6 /20:gu s A8l adiud A

Imtrwaational beimrs mad Taviasiags demraal

(a,b).If x and x, are points in (a,b),then the Taylor series
expansion of y(x) about x,, :
(x = x0)?

Y(t0) + ¥’ (x) (x = x0) + -y (x)
_ 3
L 3"‘0) Y@ (xg) + -
N |
y(x) = Z CR) ), nxo € (@) (15)

Where y(x)ls convergence.

2.2.1. Convergence Analysis

Theorem 2.2.[10] Let N be a non-linear operator from Hilbert space
H where: H — H and y be the exact solution of (14). The
decomposition series Y-, ¥, Of y converges to y when 3 a < 1,
Y41l < allynll, v € N U {0}.

3. Applications and Numerical Results [9]

Method is a reliable approach that requires less work compared
to traditional procedures. To provide a clear understanding, here are
some examples of the methods that will be explained. Matlab
program is utilized to compute all the results.

Example 3.1
Consider the quadratic Riccati differential equation is:
y'=-y*+1, y(0)=0, (16)

Where the exact solution is:

2x_1

_ 1
ex +1 a7

y =
We need to solve equation (16) using the Adomian decomposition
approach and the Taylor expansion method, and then compare it to
the exact solution (17).
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Method 1: Using Adomian Decomposition Method

From equation (16) we get c(x) = 1,and b(x) = —1,a(x) = 0.
We findy,, v1, y2, ...from Adomian polynomial (13) can be derived
as followsatn > 1,:

y0=x,

o~
Il

_ 9
Va 2335" ’

Yn+1 =Yoo+ Y1t Y2+t Yz +ys+ -+ Yy,

From equation (14) we get:

x3+2 . 17 62
y=X——5+-—-x—

9
3 " 15 315 % T2g3s* T (18)

Method 2: Using Taylor expansion series

y=x— —+—x>+—+-, (19)

We use Matlab programming to solve them, find exact and
approximate solutions, and compare them.

In tablel and figure 1, the results we obtained using the mentioned
methods are presented and compared with the complete solution,
and the error amount is calculated.
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function riccatil

SYMSY

y=0:0.1:1

mapp=(v—(v."3)/3+(2/15) *y.~5— (17/315) *y."~7)

%+ (62/2835) *y. ~9)

Fuex=(exp(2.%y)-1.)/ (exp (2%y)+1.)

uex=tanh (v)

tavlor=y-y."~3/3+(2/15)*y.~5-v.~7/12¢6

erorr=abs ( (uapp-uex) )

erortavlor=abs ((taylor—uex) )

TABLEL. Computed Approximate and Exact Solution for

Example (3.1)
x | Exact APS (ADM) | Error APS(TS) | Error
solution |ADM-Exact| |TS-Exact|

0 0 0 0 0 0
0.1 | 0.0997 0.0997 0 0.0997 0
0.2 |0.1974 0.1974 0 0.1974 0
0.3 | 0.2913 0.2913 0 0.2913 0
0.4 | 0.3799 0.3799 0 0.38 0
0.5 | 0.4621 0.4621 0 0.4624 0
0.6 | 0.5370 0.5371 0 0.5381 2E-4
0.7 | 0.6044 0.6045 1E-4 0.6074 TE-4
0.8 | 0.6640 0.6646 6E-4 0.6714 23E-4
0.9 | 0.7163 0.7184 21E-4 0.7319 64E-4
1 0.7616 0.7679 63E-4 0.7921 15E-3

*APS(ADM)= Approximate solution (ADM) & APS(TS)= Approximate
Solution (Taylor Series) .
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Figure 1: Comparison of Approximate Solution and Exact Solution for
Example (3.1).

Example 3.2 Consider the first order Riccati differential equation

1
y(0) =+ (20)

y' =y —-2xy+x*+1, 5

The exact solution is:

1
y = m + x. (21)
We solve equation (20) using the Adomian decomposition approach
and the Taylor expansion method, then compare them to the exact
solution (21) in the table 2. Figure 2 shows the Comparison of

Approximate Solution and Exact Solution for the example.

TABLE 2. Computed Approximate and Exact Solution for Example

3.2
x | Exact APS(ADM) | Error APS(TS) | Error
solution |ADM-Exact| |TS-Exact|
0 0.5 0.5 0 0.5 0
0.1 | 0.6263 0.6263 0 0.6262 1E-4
0.2 | 0.7556 0.755 6E-4 0.7547 11E04
0.3 ]0.8882 0.8864 22E-4 0.8851 3E-3
0.4 |1.025 1.0205 5E-3 1.0172 12E-3
0.5 | 1.1667 1.1577 11E-3 1.1507 16E-3
0.6 | 1.3143 1.2984 15E-3 1.2853 17E-2
0.7 |1.4692 1.4433 26E-3 1.4207 4E-2
9 Copyright © ISTJ b gine okl (3 gia
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0.8 | 1.6333 1.5931 39E-3 1.5565 12E-2
0.9 |1.8091 1.7482 6E-2 1.6925 29E-2
1 2 1.9091 9E-2 1.8281 2E-1

"APS(ADM)= Approximate Solution (ADM) & APS(TS)= Approximate Solution
(Taylor Series).

| B teetem | : : : : : : :
insdecsct | 1 : : : ! : o
S : : : : : gy

Figure 2: Comparison of Approximate Solution and Exact Solution for
Example (3.2).

4. Conclusion

In this study, we present a numerical methodology for solving
Riccati differential equations of the quadratic type. The numerical
results in the tables and figures show that determining the
approximate solution of the Riccati differential equation of
quadratic type is effective and clear. We compared the Adomian
decomposition method and Taylor expansion approaches for
solving the Riccati equation. Adomian decomposition method and
exact solutions produce results that are very similar. Adomian
decomposition method is a trustworthy and successful strategy. The
effectiveness gives it a much wider appropriateness, which has to be
explored more.
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